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OpHUM U3 KOHIIEHTPOB COBPEMEHHOM TEOPHUH UTP SBISETCS MpobieMa aHaln3a MaTeMaTHUECKUX
Mojiesiell urp ¢ OONBIIUM YUCIOM UTpoKoB. OOIas KapTUHAa MOXET OBbITh MpEACTaBIIEHA Kak
B3aMMOJICHICTBHE HEOOMNBIIOr0 YHCIA TJIABHBIX  HMTPOKOB, B3aMMOICHCTBYIOIIUX Ha (OHE
OOJBIIOTO YHCa MAJBIX MUTPOKOB, TaK YTO BJIMSHHE KaXKIOTO W3 MajbIX MTPOKOB HAa OOIIYIO
HBOJIIOIMIO CUCTEMBI CTPEMHUTCS K HYJIO, KOTJIa YUCIO 3TUX MAaJbIX WUIPOKOB CTPEMHTCS K
O6eckoneyHocTu. CymiecTBYIOT JBa MOJAXOJa K aHalIM3y TakUX cucteM. B mepBoM mnoaxone
Majible UTPOKM HE CUUTAIOTCS OCO3HAHHBIMHM oNTUMH3aTopamMu. OHU JTUOO HEMOCPEICTBEHHO
YOPaBIsAIOTCA OOJBIIMMU UTPOKAMHU U CIIyXaT UX HWHTEpecaM (JaBJI€HHE U COTPYIHHYECTBO)
WIM COINpPOTHUBJISIOTCS TIJIABHBIM HWIpOKaM (JaBlI€HHE U CONpPOTUBIICHME), pPa3BUBas CBOU
CTpaTeruy 4epe3 B3aMMOJCHCTBHE SBOJIOIMOHHOTO TUIA C IPYTHMH WUTPOKaMH, MOCTPOSHHOE
COTJIACHO OTpeeTICHHBIM MPaBHIIaM, IE€TEPMHUHUCTCKUM UM CTOXaCTUYECKUM.

Takue B3aMMOJICHCTBUS, YACTO pealM3yeMble KaK HMMHUTAIIMOHHBIC, MOTYT BKJIIOYaTh OOMEH
MHCHHUSIMHU, HAIllPaBJICHHBIMK Ha YJyd4lIeHHE IUIaTe)ka WJIA Ha Jydllee COOTBETCTBHE
conualbHbIM HOpMaM. IIpuMepamMm Takux MoOJENEH CiIy’KaT MPOLECCHl OTCICKUBAHUS
KOppYMIIMPOBAHHBIX YNHOBHHUKOB, HWHCIICKTUPOBAHUC HaJI0roIaTCIbIIIuKOB, I[eﬁCTBHe
OXPAaHUTEIBHBIX OPraHOB IPOTUB TEPPOPUCTUYECKUX TIPYNI, KOMIBIOTEPHBIX aTaK WIN
OMOJIOTMUECKUX BHUPYCOB. [lpyrumMu mpumepamMu  SBISIOTCS  3aJaud  paclpeleseHus
OrpaHUYCHHBIX PCCYPCOB JIA MOAACPKKHW HAYUYHBIX U IMPOMBIIIJIICHHBIX IIPOCKTOB, YIIPABJICHUA
CJIIO)KHBIMH CTOXAaCTUYECKAMHU CHCTEMAaMH, COCTOSIIMMH W3 OOJBIIOTO YHCIa KOMIIOHEHT
(areHTOB, MEXaHHM3MOB, POOOTOB), KOTOPHIE MOTYT HMETh OOIIME WM WHIUBUIYAIbHBIC
uHTepechl. JleiicTBUSI OOJIBIIMX MTPOKOB CIIOCOOHBI BIIMATH HA PACIPEICIICHUE MaJbIX UTPOKOB
TI0 CTPATETUsIM, KOHTPOJIUPYS TPaBUIIa MX B3auMoJIciicTBUIA. Bo BTOpoM mo1xo/1e Malibie UTPOKH
B IpylInax CaMH MOJEIUPYIOTCS KaK WHIMBUAYAJIbHbIE ONTUMU3ATOpBL. Mrpel Takoro tuma
Ha3bIBAIOTCS UTPaMU  cpeniHero mois. [lepBbie paboThI MO 3TUM UrpaM BO3HUKIHU 15 neT Hazazn,
U C TeX IOp pa3BWINCh B OJHO M3 CaMbIX NOMYJSIPHBIX HaNpaBJIeHWM Teopun urp. B
MOHOTpaduu MOCTPOCHA TEOPHs ITUX UTP B paMKax MEPBOTrO TOJX0/1a, KOTJa B3auMOICHCTBUS
HBOJTIOIMOHHOTO THITA MOTYT COBMEIIATHCS C MPOIECCaMU HHIMBH LY AJTbHBIX PECIICHHIA.

[IpoBenenne TpaMIIMOHHOTO aHAIM3a MAPKOBCKUX MPOIECCOB MPUHATHUS PEIICHUNA JJIT CHCTEM
C OONBIIMM YHCIOM HWIPOKOB OOBIYHO CBS3aHO C HEMPEOOJIMMBIMU BBIYUCITHTEIHLHBIMA
TpyaHocTssMua. OOIIas wujaes CTaTUCTUYECKOro TIOJXO/Aa, pa3BuBacMas B MOHOTrpadwuw,
3aKJIFOYAETCS B TOM, YTO IpeJeibHas 3BOJIONUSA OCCKOHEYHOrO YKCIIa UTPOKOB YacTO MOKET
OBITh OMNKCaHA B TEPMHHAX 0oJiee MPOCTON JIETEPMUHUPOBAHHOM SBOIIIOIUH, MPEICTABISIONICH
u3 cels JUHAMHYECKMX 3aKOH OoNblIMX uucen (MmoJAoOHO ToMmy Kak AuddepeHnnaIbHbie
YpaBHEHHUS TUIPOAVMHAMHKHU OMHCHIBAIOT TPEJCIbHOE B3aMMOJCHCTBUS OTPOMHOTO YHUCIA
MOJIEKYJ, OCYIIECTBISIONINX XaOTHYECKOE JIBIKEHUE). DTOT MPECIbHBIN Mepexo MO3BOIISET
MPEOAOTICTh 3HAMECHHTOC «IPOKJISATHE OONBIIONW pa3sMEpHOCTH» W TPEBPAaTUTh €ro B



«bmarocioBeHrne OoJNbIION pa3mepHocTH». Kak mokazaHo B MoHOrpaduu, BCE OCHOBHBIC
KPUTEPHH ONTHMAJBHBIX PEHICHUH B YCIOBUSX KOHKYPEHIIMM M KOOIIEPALMU WMEIOT CBOU
YIPOIICHHBIH aHAJOT B MPEISIbHOW CUCTeME OCCKOHEYHOrO YHclia MTPOKOB. TeM He MeHee,
JaKe YIMPOIICHHAs TpeAeibHAas CHUCTEeMa OOBIYHO [OBOJIBHO CIIOYKHA JUISI TPAKTHUYECKUX
BBIYMCJICHUH. HOBTOMy AJId €€ aHaJIM3a MNpCJIararoTCda pa3jindHbIC ACUMIITOTUYCCKUC PCIKHUMBI,
IMIPU KOTOPBIX SIBHBIC BEIYUCIICHHUA CTAHOBATCSA BO3MOKHBIMU.

C HpaKTquCKOﬁ TOYKHU 3pCHHUA HNPCIAIOKCHHBIC MCTOJbI HaH60nee AICKBATHBI TIPpHU aHAJINU3C
COLIMAJIBHO-3KOHOMHUYCCKHUX CUCTCM, HaXOAAIIUXCA B6J'II/I3I/I PaBHOBCCHH. I[J'IH TaKuX CUCTEM
CTallMUOHApHBIC PCIICHHA COOTBCTCTBYIOIIHUX CUCTECM HUTI'PAKOT POJIb TaK HAa3bIBACMbBIX
MarucTpaien, To €cTb, rpy00 TrOBOps, NMPUTATUBAIOIIKX CTAl[MOHAapHbIE 3BoMONMU. [losToMy
BAXXHYIO POJIb B aHAJIMU3C TaKUX 3BOJ'IIOIIPII>1 ABJIACTCA OTBICKAHUC CTAllMOHAPHBIX peHIeHI/Iﬁ u
UCCIICIOBAaHHUE UX YCTOMYUBOCTH, TPOBEACHHOE B MOHOTpaduu. [To TeMaTke MarepruanoB KHUTH
(koppymius, WHCIEKIUS , Oe30macHOCTh) omyoOnukoBano cBbime 100 crareit Ha pycckoM u
AHTIIMICKOM sI3bIKaX, U3 HUX B KypHaslaX 1ro KBapTWiIs - IBE CTaThH , 2 KBAPTWIISL - IBE CTAThH U
B )KypHaJIax 3 KBapTWIS TaKXe JIBE CTaThU.

B mepBoii BBOAHOH TJaBe MBI OOBSCHAEM OCHOBHBIC pE3YyJbTaThl M TPHUIOKEHUS C
MUHUMAJbHBIM HCIIOJIb30BAHUEM TEXHUYECKOTO SI3bIKa, YTO MO3BOJISET CIENaTh OCHOBHBIC HIEU
JOCTYNIHBIMU [IJI BO3MOYKHO IIMPOKOW ayauTopuu. OCHOBHAsl 4acTh KHUTHM PAcCUMTaHA Ha
yuTaTeNed, BIAACIONIMX OCHOBAMHM TEOPHM BEPOSATHOCTEHM © TeOopuHM OOBIKHOBEHHBIX
muQdepeHInaIbHbIX YPaBHEHUH.

Annotation to book ‘Many agent games in socio-economic Systems: corruption, inspection,
coalition building, network growth, security’ by Professor , doctor fiziko-matematicheskich
nauk Kolokoltsov Vassilii Nikitich and Professor , doctor fiziko-matematicheskich nauk
Malafeyev Oleg Alexeyevich.

Analysis of games with many players lies in the centre of the modern game theory. The general
picture of game theoretic modelling dealt with in our book is characterized by a set of big
players, also referred to as principals or major agents, acting on the background of large pools of
small players. The impact of the behaviour of each small player in a group on the overall
evolution decreasing with the increase of the size of the group.

Two approaches to the analysis of such systems are clearly distinguished and are dealt with in
Parts | and Il. In the first approach, players in groups are not independent rational optimizers.
They are either directly controlled by principals and serve the interests of the latter (pressure and
collaboration setting) or they resist the actions of the principals (pressure and resistance setting)
by evolving their strategies in an ‘evolutionary manner' via interactions with other players subject
to certain clear rules, deterministic or stochastic. Such interactions, often referred to as myopic or
imitating, include the exchange of opinions or experience, with some given probabilities of
moving to strategies that are more profitable. They can also evolve via the influence of social
norms. The examples of the real world problems involved include government representatives
(often referred to in the literature as benevolent dictators) chasing corrupted bureaucrats,
inspectors chasing tax-paying avoidance, police acting against terrorist groups or models
describing the attacks of computer or biological viruses. This includes the problem of optimal
allocation of the budget or efforts of the big player to different strategies affecting small players,



for instance, the allocation of funds (corrected in real time) for the financial support of various
business or research projects. Other class of examples concerns appropriate (or better optimal)
management of complex stochastic systems consisting of large number of interacting
components (agents, mechanisms, vehicles, subsidiaries, species, police units, robot swarms,
etc.), which may have competitive or common interests. Such management can also deal with the
processes of merging and splitting of functional units (say, firms or banks) or the coalition
building of agents. The actions of the big players effectively control the distribution of small
players among their possible strategies and can influence the rules of their interaction. Several
big players can also compete for more effective pressure on small players. This includes, in
particular, the controlled extensions of general (nonlinear) evolutionary games. Under our
approach the classical games of evolutionary biology, like hawk and dove game, can be recast as
a controlled process of the propagation of violence, say in regions with mixed cultural and/or
religious traditions. For discrete state spaces, V. Kolokoltsov introduced the games of this kind
under the name of nonlinear Markov games.

In the second approach, small players in groups are themselves assumed to be rational
optimizers, though in the limit of large number of players the influence of the decisions of each
individual player on the whole evolution becomes negligible. The games of this type are referred
to as mean field games. They were introduced about 15 years ago by two research groups in
France and Canada, and since then developed into one of the most active directions of research
in game theory. We shall discuss this setting mostly in combination with the first approach, with
evolutionary interactions (more precisely, pressure and resistance framework) and individual
decision-making taken into account simultaneously. This combination leads naturally to two-
dimensional arrays of possible states of individual players, one dimension controlled by the
principals and/or evolutionary interactions and another dimension by individual decisions.

Carrying out a traditional Markov decision analysis for a large state space (large number of
players and particles) is often unfeasible. The general idea for our analysis is that under rather
general assumptions, the limiting problem for a large number of agents can be described by a
well manageable deterministic evolution, which represents a performance of the dynamic law of
large numbers (LLN). This procedure turns the 'curse of dimensionality' to the 'blessing of
dimensionality’. As we show all basic criteria of optimal decision making (including competitive
control) can be transferred from the models of a large number of players to a simpler limiting
decision problem. Since even the deterministic limit of the combined rational decision making
processes and evolutionary type models can become extremely complex, another key idea of our
analysis is in searching for certain reasonable asymptotic regimes, where explicit calculations
can be performed. Several such regimes are identified and effectively used. We deal mostly with
discrete models, thus avoiding technicalities arising in general models (requiring stochastic
differential equations or infinite-dimensional analysis). Extensions dealing with general jump-
type Markov processes are often straightforward.

From the practical point of view, the approaches developed here are mostly appropriate for
dealing with socioeconomic processes that are not too far from an equilibrium. For those
processes, the equilibria play the role of the so-called turnpikes, that is, attracting stationary
developments. Therefore, much attention in our research is given to equilibria (rest points of the
dynamics) and their structural and dynamic stability. For processes far from equilibria other
approaches seem to be more relevant, for instance the methods for the analysis of turbulence.



Another problem needed to be addressed for concrete applications of our models lies in the
necessity to get hold of the basic parameters entering its formulation, which may not be that
easy. Nevertheless, the strong point of our approach is that it requires identifying really just a
few real numbers (not multi-dimensional distributions), which may be derived in principle from
statistical experiments or field observations.

In the first introductory chapter, we explain the main results and applications with the minimal
use of technical language trying to make the key ideas accessible to readers with only
rudimentary mathematical background. The core of the book is meant for readers with some
basic knowledge of probability, analysis and ordinary differential equations.More than hundred
papers were published by the applicants on the theme of the book (on corruption, inspection and
security) in English and in Russian. Among them two papers in journals Q1, two papers in
journals Q2 and two papers in journals Q3.

Content: Chapter 1. Introduction: Main Models and LLN methodology. Chapter 2. Best-
Response Principals. Chapter 3. Dynamic Control of Major Players. Chapter 4. Models of
Growth under Pressure. Chapter 5. Mean Field Games (MFGs) for Finite-State Models. Chapter
6. Three-State Model of Corruption and Inspection. Chapter 7. Four-State Model of
Cybersecurity. Chapter 8. Turnpikes for MFGs on Two-Dimensional Networks



