AHHOTAIUS NUKIAa padboT
CrnekTpajabHbINA CHHTE3 B THJIb0EPTOBBIX NPOCTPAHCTBAX HebIX (pyHKIMT
bapanoBa Antona JImutpueBuua.
JOKTOpa (PU3UKO-MAaTEeMAaTHIECKUX HAYK
npodeccopa kadeaps maTemaTudeckoro ananuza CII6I'Y

Ha xonkypc BeiaBuraetcs muki padot A.Jl. bapaHoBa, MOCBAIIEHHBIN 3a/1adaM CIIEKTPATbLHOTO
CHHTE3a JIJIsl CUCTEM BOCHPOM3BOJSIIMX AP B THIHOEPTOBBIX MPOCTPAHCTBAX IENBIX (DYHKIIMNA
H 4 OJHOMCPHBIX BOSMYH_IGHI/Iﬁ KOMIIAKTHBIX CaMOCOIIPSXKCHHBIX OIIEPATOPOB. HI/IKJ’I
BKJIIOUYAET B ce0s Tpu pabOTBHI:

[1] A. Baranov, Y. Belov, A. Borichev, Hereditary completeness for systems of exponentials and
reproducing kernels, Advances in Mathematics, 235 (2013), 525-554.

[2] A. Baranov, Y. Belov, A. Borichev, Spectral synthesis in de Branges spaces, Geometric and
Functional Analysis (GAFA), 25 (2015), 2, 417-452.

[3] A. Baranov, D. Yakubovich, Completeness and spectral synthesis of nonselfadjoint one-
dimensional perturbations of selfadjoint operators, Advances in Mathematics, 302 (2016), 740-
798.

3anaqa CIICKTPAJIBHOT'O CHMHTE3a COCTOMT B BOCCTAHOBJICHUMW WHBAPUAHTHOI'O MOAIIPOCTPAHCTBA
JIMHEWHOTO orcparopa I10 COoACpKAIMMCs B HEM COOCTBEHHBIM H KOPHCBBIM BCKTOpaM.
B03MOXHOCTL Takoro BOCCTAaHOBJICHHSI IJI4 pas3/IMYHbIX KJIACCOB OICPATOPOB — OAWH U3
KJIACCHYECKUX U IICHTPAIBbHBIX BOMPOCOB aOCTPAaKTHOW TeopuH omnepatopoB. I[IpoGiemsl
CHEKTPAILHOTO CHHTE3a JJIs  OINEepaTopoB caBUra W Ju(QEepeHIMpPOBaHUs BIEPBbIC OBLTH
paccmotpensl emie B 1950-e roasl B 3HameHUTHIX pabotax JI. IlIBapua u XK.-P. Kaxana. C
3a7ja4eil CMHTE3a TECHO CBS3aH JPYrol KJIACCMYECKUU BOIPOC aHAIM3a — BOCCTAHOBIICHUE
JJIEMCHTAa FI/IJ'Ib6epTOBa IMpOCTPAaHCTBA I10 €TI0 0606H_IGHHOMy pARy CDpre OTHOCHUTCIIBHO ,HaHHOﬁ
napbl  OMOpTOrOH&IbHBIX  ceMmeiicTB. [lonHyl0 MUHUMa@JIbHYIO CHUCTEMY C  IIOJIHOM
6I/IOpTOFOHaJ'IBHOI71 CHCTEMOH Ha3bIBAIOT HaCJI€ACTBEHHO HOJ'IHOfI, €CJIn Ka)KI[BIfI BCKTOP JICKHUT B
3aMKHYTOW JIMHEHHON 000J0YKe YaCTHYHBIX CyMM cBoero psga Dypbe. DTO CBOUCTBO
C€CTCCTBCHHO HWHTCPHPECTUPOBATL KaK HaHCHaGCﬁMYIO (1)OpMy BOCCTAHOBJICHUS BCKTOpa II0
cBoemy psany Oypsbe.

BakHBIM OTKPBITHIM BOIIPOCOM B 3TOH 00JaCTH B T€YEHHE MHOTHMX JIET OCTaBalCs BOIPOC O
HACJIEJICTBEHHOM TMOJHOTE TMOJHOW W MHHHUMAJIbHOW CHCTEMBI W3 DKCIIOHEHT B MPOCTPAHCTBE
$L"2$ Ha orpeske. Drta 3amaya Obuta pemieHa B pabore [1], rae mokasaHo, 9TO CYIIECTBYIOT
HEHACIIC/ICTBEHHO IMOJIHBIC CHCTEMbI SKCIIOHEHT M, TAKUM 00pa30M, BOCCTAHOBIICHHE (DYHKIIMU
o0 ee HerapMoHHuYecKoMy psiigy Dypbe B0OOIIE TOBOpS HEBO3MOXKHO (B YaCTHOCTH, HE
CYIIECTBYET YHHMBEPCAIBHOIO JIMHEHHOTO METOAa CyMMHpOBaHHs). BTopoil HeoXHIaHHBIA
peE3yiabTaT COCTOUT B TOM, UTO CHGKTpaJII)HI)II;’I CHUHTE3 MJId DKCIIOHCHIIMAJIBHBIX CUCTEM TEM HC
MEHee BCerja UMEeT MECTO C TOYHOCTBIO 10 OJIHOMEPHOTO Je(eKTa.

B cratbe [2] pesymbrarhl pabotsl [1] ObUIM pacmpocTpaHEHBl Ha IMUPOKHHA M BaXKHBIA Kiacc
TMIIbOEPTOBBIX MPOCTPAHCTB LENbIX (PYHKUIUN — mpocTpaHcTBa Ae bpanxka, urparomiye BaXHYIO
POJIb MIPU MCCIIEOBAHUU CIEKTPAIbHBIX 337124 Il KAHOHUYECKUX CUCTeM UG PepeHInaTbHbIX
OrepaTopos. Poms OKCIIOHCHIUAJIBHBIX CHUCTEM B OJOTOM KOHTCKCTC MIPAOT CUCTEMBI U3
BOCIIPOM3BOSIINX siep MpocTpaHcTB ne bpamka. B pabore [2] momydeHo moiHOe perieHue
po0JIeMbl HACJIEICTBEHHOW MOJIHOTHI JJIsi CHCTEM BOCHPOU3BOISIIMX sJIEp B MPOCTPAHCTBAX i€
Bbpanrka, mocTpoeHsl MpUMEphl CHCTEM, HE JIONMYCKAIOIIUX CHHTE3 C JAHHBIM KOHEYHBIM WIIH
OeCKOHEYHBIM Je(PEKTOM.



B cratbe [3] paccMOTpeHbI PHIOKESHHUS BBIIICOMHUCAHHBIX PE3YJIbTATOB B CIIEKTPATbHON TCOPUH
OJIHOMEPHBIX BO3MYILIEHUN KOMIIAKTHBIX CAaMOCONPSDKEHHBIX —ornepaTopoB. (OCHOBHBIM
UHCTPYMEHTOM fBII€TCS (PYHKIHMOHAIbHAA MOJENb TaKHMX BO3MYIICHHH, COMOCTaBISIOLIAS
KQKJIOMY OJIHOMEPHOMY BO3MYILIEHHUIO YHUTapHO SKBHUBAJIECHTHBIM MOJEJIBHBIN OIepaTop,
JICUCTBYIOIIUM B HEKOTOPOM MpocTpaHcTBe A€ bpamka. Ha ocHoBe 3TOil MOJenu MoJy4eHbI
KPUTEPUH TIOJIHOTHI COOCTBEHHBIX BEKTOPOB OJHOMEPHBIX BO3MYIIEHHH M BO3MOXKHOCTH
CHEKTpaJIbHOTO cuHTe3a. [Ipu 3TOM moka3zaHo, 4TO y JIF0OOr0 KOMIIAKTHOT'O CAMOCOTIPSIKEHHOTO
oreparopa (OECKOHEYHOTO paHra) UMEIOTCS OJHOMEpHBIE BO3MYIICHHUS, HE JIOIYCKAIOIINe
CHEKTpaJIbHbIM cHuHTe3. Takke TMONy4eHbl pe3yJabTaTbl O BOJIBTEPPOBCKUX OJIHOMEPHBIX
BO3MYLIEHUAX, IOMNOJHAMOIME Kiaccuyeckue teopembl M.B. Kengeima u B.M. Manaesa.
[TommyueHnHble pe3yabTaThl MOKA3bIBAIOT BCIO CIOXKHOCTH M pa3HOOOpa3ue CHEeKTpalbHON
CTPYKTYpBI JJaXK€e B CIyyae BO3MYILIEHUI paHra OJHH.
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The spectral synthesis problem consists in reconstruction of an invariant subspace of a linear
operator from the eigenvectors and root vectors it contains. The possibility of such
reconstruction for various classes of linear operators is one of the central and classical problems
fof the abstract operator theory. Spectral synthesis [problems for translation and differentiation
operators were considered in 1950-s in the famous works of L. Schwartz and J.-P. Kahane. The
synthesis problem is closely related with yet another classical problem of analysis —
reconstruction of a vector from its generalized Fourier series with respect to a given pair of
biorthogonal families. A complete and minimal system is said to e hereditarily complete if any
vector belongs to the closed linear span of the partial sums of its Fourier series. It is natural to
interpret this property as a weak form of the reconstruction of a vector from its Fourier series.

For many years an important open problem in this area was whether any complete and minimal
system of exponentials in $L"2$ on the interval is hereditarily complete. This problem was
solved in paper [1], where it was shown that there exists nonhereditarily complete systems of
exponentials and so, in general, there is no reconstruction of a function from its nonharmonic
Fourier series (in particular, there is no universal linear summation method). Another unexpected
result says that the spectral synthesis for exponential systems still takes place up to one-
dimensional defect.

In paper [2] the results of [1] were extended to a wide and important class of spaces of entire
functions, namely, de Branges spaces which play an important role in the study of spectral
problems for canonical systems of differential equations. The role of exponential systems in this
context is played by systems of reproducing kernels in de Branges spaces. In paper [2] a
complete solution of the problem of hereditary completeness for systems of reproducing kernels
in de Branges spaces and examples of systems which do not admit spectral synthesis with any
given finite or infinite defect were constructed.

In paper [3] applications of the results described above to the spectral theory of rank one
perturbations of compact selfadjoint operators were considered. The main tool is a functional
model for such perturbations which associate with any rank one perturbation a unitary equivalent
model operator which acts in some de Branges space. On the basis of this model criteria for
completeness of eigenvectors of a rank one perturbation and for the spectral synthesis were



obtained. Moreover, it was shown that any (infinite rank) compact selfadjoint operator has rank
one perturbations which do not admit the spectral synthesis. Also, results about Volterra rank
one perturbations were obtained which complement the classical theorems of M.V. Keldysh and
V.l. Matsaev. The obtained results show the complexity and diversity of the spectral structure
even in the case of rank one perturbations.



